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Introduction
Let k be an algebraically closed field of characteristic zero, F its algebraically closed extension of transcendence degree n ≥ 1, and G = G F/k be the group of automorphisms over k of the field F . Let the set of subgroups U k(x) := Aut(F/k(x)) for all x ∈ F be a base of neighbourhoods of the identity in G.
The group G is very big, in particular, it contains the groups Aut(L/k) as its sub-quotients for all sub-extensions k ⊂ L ⊂ F . All reduced irreducible algebraic groups of dimension ≤ n, the group PGL n+1 k, some adelic groups are subgroups of groups of type Aut(L/k).
One of the purposes of this note (cf. Theorem 2.9 and Corollary 2.11) is to show that in the case n = ∞ any non-trivial continuous representation of G is faithful; and in the case n < ∞ any non-faithful continuous representation of G factors through a discrete quotient G/G • of G. Here G • is the subgroup of G generated by its compact subgroups.
There is an evident link between G-modules and some geometric objects. Namely, for a scheme X over k there is a natural smooth G-action on the group of cycles on X F := X × k F . Conversely, any smooth cyclic G-module is a quotient of the G-module of "generic" 0-cycles on X F for an appropriate irreducible variety X of dimension ≤ n over k.
In some cases one can identify the groups of morphisms between geometric objects with the groups of morphisms between corresponding G-modules (cf. Propositions 3.6 and 4.3, and Corollary 3.7).
The (homological) motives of Grothendieck are pairs (X, π) consisting of a smooth projective variety X over k with irreducible components X j and a projector π = π 2 ∈ j A dim X j (X j × k X j ) in the algebra of correspondences on X modulo an adequate equivalence relation. The morphisms are defined by Hom((X ′ , π ′ ), (X, π)) = i,j π j · A dim X j (X j × k X ′ i ) · π ′ i . The category of Grothendieck motives carries an additive and a tensor structures: (X ′ , π ′ ) (X, π) := (X ′ X, π ′ ⊕ π), (X ′ , π ′ )⊗ (X, π) := (X ′ × k X, π ′ × k π). A primitive q-motive is a pair (X, π) as above with dim X = q and π·A q (X × k Y ×P 1 ) = 0 for any smooth projective variety Y over k with dim Y < q. For instance, the category of the primitive 1-motives modulo the numerical equivalence is equivalent to the category of abelian varieties over k with morphisms tensored with Q; another description (saying that the functor B 1 of Theorem 1.1(2) below is an equivalence of categories when n = ∞) is given in §5.2. If the adequate equivalence relation is the numerical equivalence, it follows from a result of Jannsen [Jan] that any motive of Grothendieck is semi-simple and isomorphic to i,j M ij ⊗ L ⊗i , where M ij is a primitive j-motive and L = (P 1 , P 1 × {0}) (see Remark on p.15).
The major part of the results of Section 3 can be summarized as follows. The category I G carries a tensor structure, but its associativity depend on Conjecture 5. 18 . In Section 6 one shows that the centers of the Hecke algebras of the pairs (G, U ) and (G • , U ) (see §1.1 for the definition) consist of scalars for any compact subgroup U in G.
If n < ∞ then the category of smooth G-modules has sufficiently many projective objects. Namely, any smooth G-module is a quotient of a direct sum of Q[G/U j ] for some open compact subgroups U j of G. However, the G-modules Q[G/U ] seem to be very complicated. The last section contains an example of two essentially different open compact subgroups U 1 and U 2 of G with the same irreducible subquotients of Q[G/U 1 ] and Q[G/U 2 ].
1.1. Notations, conventions and terminology. For a field F and a collection of its subrings F 0 , (F α ) α∈I we denote by G {F,(Fα) α∈I }/F 0 the group of automorphisms of the field F over F 0 preserving all F α , and set G F/F 0 := G {F }/F 0 . If K is a subfield of F then K denotes its algebraic closure in F , tr.deg(F/K) the transcendence degree of the extension F/K (possibly infinite, but countable), and U K denotes the group G F/K . Throughout the note k is an algebraically closed field of characteristic zero, F its algebraically closed extension with tr.deg(F/k) = n ≥ 1 and G = G F/k . For a totally disconnected topological group H we denote by H • its subgroup generated by the compact subgroups. Obviously, H • is a normal subgroup in H, which is open at least if H is locally compact.
In what follows, Q is the field of rational numbers, and a module is always a Q-vector space. For an abelian group A set A Q = A ⊗ Q.
A 
Lemma 2.4. Let H = {1} be a normal closed subgroup in G • such that H U = {1} for a compact subgroup U . Then H contains Gal(F/k ′ (x)) for any algebraically closed extension k ′ of k in F such that k ′ = k ′ F U and tr.deg(F/k ′ ) = 1, and for some x ∈ F − k ′ .
Proof. Let σ ∈ H U − {1} and k ′ be the algebraic closure in F of any subfield in F σ with tr.deg(F/k ′ ) = 1. As the extension F σ /F is abelian there is an element x ∈ F − k ′ and an integer N ≥ 2 such that σx N = x N and σx = x.
Let L be a finite Galois extension of k ′ (x). It is unramified outside a finite set S of points on a smooth projective model of k ′ (x) over k ′ . Then there is such an element α L ∈ Aut(k ′ (x)/k ′ ) that the set α −1 L σα L (S) does not intersect S, and therefore, for an extension α L ∈ G • F/k ′ of α L to F , the field L α −1 L σα L (L) is unramified over a smooth projective model of k ′ (x), so L α −1 L σα L (L) = k ′ (x). Let β ∈ G • F/k ′ be given on k ′ (x) by α L , and somehow extended to the field α −1 L σα L (L). Then
, and therefore, induces an automorphism of L. Since L and α −1 L σα L (L) are Galois extensions of L α −1 L σα L (L) = k ′ (x), for any given automorphism τ of L over k ′ (x) there is such an extension of β to F that for its restriction to L the composition β −1 • σ −1 • β • α −1 L • σ • α L coincides with τ . This means that the natural projection H Gal(F/k ′ (x)) −→ Gal(L/k ′ (x)) is surjective for any Galois extension L of k ′ (x), i.e., that H Gal(F/k ′ (x)) is dense in Gal(F/k ′ (x)). As H Gal(F/k ′ (x)) is closed, we have H ⊇ Gal(F/k ′ (x)). Proof. Let H be a normal open subgroup in G • . Then for some subfield L ⊂ F finitely generated over k one has U L ⊆ H. For any purely transcendental extension L ′ ⊂ F of k with L ′ = F one also has U LL ′ ⊆ H, as well as H ⊇ σU LL ′ σ −1 | σ ∈ N G • U L ′ .
LL ′ /L ′ is ramified only over a divisor on P 1 k , but the group N G • U L ′ /U L ′ ∼ = PGL 2 k does not preserve this divisor, so the intersection σ∈N G • U L ′ σ(LL ′ ) is unramified over L ′ , i.e., the field σ∈N G • U L ′ σ(LL ′ ) coincides with L ′ . By Lemma 2.1, this shows that H ⊇ U L ′ for any purely transcendental extension L ′ ⊂ F of k with L ′ = F , and therefore, H contains all compact subgroups in G, so finally, H ⊇ G • .
Lemma 2.6. If for any algebraically closed extension k ′ of k in F with tr.deg(F/k ′ ) = 1 and any x ∈ F − k ′ a closed subgroup H in G • contains the subgroup Gal(F/k ′ (x)) then H = G • .
Proof. Any element σ of a compact subgroup in G • can be presented as the limit of a compatible collection (σ L ) of embeddings σ L of finitely generated extensions L of k in F into F . Replacing L with the compositum of the images of L under powers of σ, we may suppose that L is σ-invariant, and thus, that L = L σ (t) for some t ∈ L with σt m = t m , where m ≥ 1 is an integer. Fix a subfield L 0 ⊂ L σ containing k over which t is transcendental and such that L is algebraic over L 0 (t). Then the algebraic closure k ′′ of L 0 in L σ coincides with the algebraic closure of L 0 in L. Let k ′ be a maximal algebraically closed subfield in F containing k ′′ but not t. Then σ| L coincides with restriction to L of an element of Gal(F/k ′ (t m )). This shows that σ belongs to the closure of the union of Gal(F/k ′ (x)) over all k ′ and all x ∈ F − k ′ . Lemma 2.7. If ξ is a non-trivial element of G and 2m ≤ n then there exist elements w 1 , . . . , w m ∈ F such that w 1 , . . . , w m , ξw 1 , . . . , ξw m are algebraically independent over k.
Proof. We proceed by induction on m, the case m = 0 being trivial. We wish to find w m ∈ F such that w and ξw m are algebraically independent over k ′ := k(w 1 , . . . , w m−1 , ξw 1 , . . . , ξw m−1 ).
Suppose that there is no such w m . Then for any u ∈ F − k ′ and any v ∈ F − k ′ (ξu) one has the following vanishings in Ω 2 F/k ′ : du ∧ dξu = dv ∧ dξv = 0, d(u + v) ∧ dξ(u + v) = 0, and d(u + v 2 ) ∧ dξ(u + v 2 ) = 0. Applying the first two to the third, we get 2(v − ξv)dv ∧ dξu = 0, which means that ξv = v for any v ∈ F − k ′ (ξu), and therefore, ξv = v for any v ∈ F , i.e., that ξ = 1. This contradiction shows that there exists desired w m ∈ F .
We have to show that for each σ ∈ G F/L , any integer m ≥ 1 and any y 1 , . . . , y m ∈ F there is such a triple (τ 1 , τ 2 , τ 3 ) of elements of some compact subgroups in G F/L that τ 3 τ 2 τ 1 σy s = y s for all 1 ≤ s ≤ m. As y 1 , . . . , y m ∈ L(x 1 , . . . , x M ) for some integer M ≥ m, it is enough to show that for each σ ∈ G F/L and any integer M ≥ 1 there is such a pair (τ 1 , τ 2 ) of elements of some compact subgroups in G F/L that τ 2 τ 1 σx s = x s for all 1 ≤ s ≤ M .
Let k 1 := L(x 1 , . . . , x M , σx 1 , . . . , σx M ). Let z j ∈ F − k j and k j+1 := k j (z j ) for all 1 ≤ j ≤ M . Let τ 1 σx j = z j and τ 1 z j = σx j for all 1 ≤ j ≤ M and τ 1 is somehow extended to an element of a compact subgroup in G F/L . Let τ 2 x j = z j and τ 2 z j = x j for all 1 ≤ j ≤ M and τ 2 is somehow extended to an element of a compact subgroup in G F/L . Then (τ 2 τ 1 )σx j = x j . Theorem 2.9. If n < ∞ then any non-trivial subgroup in G normalized by G • is dense in G • .
If n = ∞ then any non-trivial normal subgroup in G is dense. 
In the case n = ∞ and H is normal, we fix a pair of transcendence basis x 1 , x 2 , x 3 , . . . and y 1 , y 2 , y 3 , . . . of F over k and show that for each m there is an element σ ∈ H such that σx j = y j for all 1 ≤ j ≤ m. Fix a non-trivial element ξ ∈ H. Choose some elements z 1 , . . . , z m algebraically independent over k(x 1 , . . . , x m , y 1 , . . . , y m ). By Lemma 2.7, there exist w 1 , . . . , w m ∈ F such that w 1 , . . . , w m , ξw 1 , . . . , ξw m are algebraically independent over k. Then there exist elements τ 1 , τ 2 ∈ G such that τ 1 x j = w j , τ 1 z j = ξw j and τ 2 y j = w j , τ 2 z j = ξw j for all 1 ≤ j ≤ m. Then
This implies that there is a compact subgroup U intersecting H non-trivially, so by Lemma 2.4, H contains Gal(F/k ′ (x)) for some algebraically closed extension k ′ of k in F with tr.deg(F/k ′ ) = 1, and for some x ∈ F − k ′ . By Lemma 2.5, this implies that H contains G • F/k ′ . The algebraically closed extensions k ′ of k in F with tr.deg(F/k ′ ) = 1 form a single G-orbit, so one can apply Lemma 2.6, which gives H ⊇ G • . Finally, it follows from Lemma 2.8 that H = G.
Corollary 2.10. Any finite-dimensional smooth representation of G • is trivial.
(Proof. This is clear, since there are no proper open normal subgroups in G • .)
Corollary 2.11. For any subgroup H of G containing G • and any continuous homomorphism π from H either π is injective, or the restriction of π to G • is trivial.
Proof. If π is not injective then, by Corollary 2.3, its kernel has a non-trivial intersection with G • . Then, by Theorem 2.9, the kernel of π contains G • .
Lemma 2.12. Let d ≥ 0 be an integer, F 1 and F 2 be algebraically closed subfields of F such that F 1 F 2 = k and tr.deg(F/F 2 ) ≥ d. Then for any subfield L in F with tr.deg(L/k) = d there is
Proof. We proceed by induction on d, the case d = 0 being trivial. If d > 0 fix a subfield L 1 ⊂ L with tr.deg(L 1 /k) = d − 1 and some t ∈ L transcendental over L 1 .
Replacing F 1 with the algebraic closure in F of the subfield generated over F 1 by a transcendence basis of F over F 1 F 2 (thus, making H smaller), we may assume that F is algebraic over F 1 F 2 . In particular, there exists a subfield K ⊂ F 1 over k with tr.deg(K/k) = d and tr.deg(KF 2 /F 2 ) = d.
By the induction assumption, there is τ ∈ H such that tr.deg(τ (L 1 )F 2 /F 2 ) = d − 1, i.e., we may suppose that tr.deg(L 1 F 2 /F 2 ) = d − 1. Moreover, we may suppose that L 1 = k(t 1 , . . . , t d−1 ) is purely transcendental over k and L = L 1 (t).
The subgroup G F/F 2 acts transitively on the set of purely transcendental extensions of F 2 of a given transcendence degree, so for any collection x 1 , . . . , x d−1 of elements of F 1 algebraically independent over F 2 there is σ ∈ G F/F 2 such that σt j = x j .
If t ∈ L 1 F 2 then induction is completed, so we assume that t is algebraic over
Consider the irreducible hypersurface W = {(y 1 , . . . , y d ) | P (y 1 , . . . , y d ) = 0} ֒→ A d k and the projection W π −→ A d−1 k to the first d − 1 coordinates. Suppose that for any σ as above one has σt ∈ F 1 . Then for any generic point (x 1 , . . . , x d−1 ) ∈ A d−1 F as above the points of the fiber of the projection π over (x 1 , . . . , x d−1 ) are defined over F 1 . This means that W is defined over F 1 , and therefore, over F 1 F 2 = k, contradicting to tr.deg(L/k) = d.
Therefore, there is σ ∈ G F/F 2 such that σ(L 1 ) ⊂ F 1 and σt ∈ F 1 , so in the rest of the proof we assume that L 1 ⊂ F 1 and t ∈ F 1 .
The
Corollary 2.13. In notations of Lemma 2.12, for any σ ∈ G there is τ ∈ H such that σ| L = τ | L .
Proof. According to Lemma 2.12, there exist elements ξ, ξ ′ ∈ H such that tr.deg(ξ ′ (L)F 2 /F 2 ) = tr.deg(ξσ(L)F 2 /F 2 ) = tr.deg(L/k). Evidently, there is λ ∈ G F/F 2 ⊂ H inducing such an isomorphism ξ ′ (L)
Proposition 2.14. Let L 1 and L 2 be subextensions of k in F such that L 1 L 2 is algebraic over L 1 L 2 and tr.deg(F/L 2 ) = ∞. Then the subgroup in G generated by G F/L 1 and G F/L 2 is dense in G F/L 1 L 2 .
Proof. The inclusion G F/L 1 , G F/L 2 ⊆ G F/L 1 L 2 is evident. In Corollary 2.13 we may replace k with L 1 L 2 to get that the subgroup in G generated by G F/L 1 and G F/L 2 is dense in
Some geometric representations
Now we are going to construct a supply of semi-simple admissible representations of G. Recall ( [BZ] ), that for each smooth G-module W and each compact subgroup U of G the Hecke algebra H U acts on the space W U , since W U = h U (W ).
Proposition 3.1 (=Proposition 2.10 of [BZ] 
. For this index one has m j = 1. By Proposition 3.1(3), there are smooth irreducible representations
For any irreducible variety Y over k with k(Y ) = F U for a compact open subgroup U in G one can identify the Hecke algebra H U with the Q-algebra of non-degenerate correspondences on Y (i.e., of formal linear combinations of n-subvarieties in Y × k Y dominant over both factors Y ). This follows from the facts that the set of double classes U \G/U can be identified with a basis of H U as a Q-space via [σ] −→ h U * σ * h U ; that irreducible n-subvarieties in Y × k Y dominant over both factors Y are in a natural bijection with the set of maximal ideals in F U ⊗ k F U , and the following lemma.
Lemma 3.3. Let L, L ′ ⊆ F be field subextension of k with tr.deg(L/k) < tr.deg(F/L ′ ) + 1 and U ⊂ G a compact subgroup. Then the set of double classes U \G/U L is canonically identified with the set of all maximal ideals in L ⊗ k F U , and
Proof. To any embedding σ : L ֒→ F over k one associates the ideal in L ⊗ k F generated by elements x ⊗ 1 − 1 ⊗ σx for all x ∈ F . It is maximal, since it is the kernel of the surjection
Since its restriction to the subfield k ⊗ k F is an embedding, one can regard F as a subfield of Ξ. Let t 1 , . . . , t m be a transcendence basis of L over k. As L is algebraic over L 0 := k(t 1 , . . . , t m ), Ξ is integral over ϕ(L 0 ⊗ k F ), so the latter is a field. One has Spec(L 0 ⊗ k F ) ⊂ Spec(F [t 1 , . . . , t m ]) = A m F . On any subvariety of A m F outside the union of all divisors defined over k there is a point with the same property, and therefore, Max(L 0 ⊗ k F ) ⊂ Max(F [t 1 , . . . , t m ]). This means that ϕ(L 0 ⊗ k F ) = F , and therefore, Ξ = F . The restriction of ϕ to L ⊗ k k gives an embedding σ : L ֒→ F over k.
Let A q (Y ) be the quotient of the Q-space Z q (Y ) of cycles on a smooth proper variety Y over k of codimension q by the Q-subspace Z q ∼ (Y ) of cycles ∼-equivalent to zero for an adequate equivalence relation ∼. According to Hironaka, each smooth variety X admits an open embedding i into a smooth proper variety X over k. Then A q (−) can be extended to arbitrary smooth variety X as the cokernel of the map Z q ∼ (X) i * −→ Z q (X) induced by restriction of cycles. This is independent of the choice of variety X. 1 In the standard way one extends the contravariant functors A q ( ) and Z q ( ) to contravariant functors on the category of smooth pro-varieties over k. Namely, if for a set of indices I, an inverse system (X j ) j∈I of smooth varieties over k is formed with respect to flat morphisms and X is the limit, then Z q (X) = lim j∈I −→ Z q (X j ), where the direct system is formed with respect to the pull-backs, and similarly for A q ( ). This is independent of the choice of the projective system defining X.
In particular, as for any commutative k-algebra R the scheme Spec(R) is an inverse limit of a system of k-varieties, A q (R) := A q (Spec(R)) is defined. Any automorphism α of the k-algebra R induces a morphism of a system (X j ) j∈I defining Spec(R) to a system (α * (X j )) j∈I canonically equivalent to (X j ) j∈I , and therefore, induces an automorphism of A q (Y R ) for any k-scheme Y . This gives a contravariant functor from a category of varieties over k to the category of Aut(R/k)modules. Set B q (X) = A q (X) for ∼=numerical equivalence.
In what follows X will be of type Y F for a k-subscheme Y in a variety over k.
The homomorphism of algebras H
is surjective for any smooth projective Y , as one can see from the following "moving"
Then α is rationally equivalent to a linear combination of some irreducible subvarieties in X × k Y surjective over both X and Y .
Proof. Let c(α) := dim (pr X (α) × pr Y (α)). We proceed by descending induction on c(α). If c(α) = dim(X × k Y ) there is nothing to prove. If c(α) < dim(X × k Y ) then there is a point (x, y) ∈ X × k Y such that either x ∈ pr X (α), or y ∈ pr Y (α).
Fix an embedding X × k Y ⊂ P N and a sufficiently general projective subspace P in P N of codimension dim(X × k Y ) passing through (x, y). Let W be the intersection of X × k Y with the cone over α of planes containing P:
where P, z denotes the projective envelope, which is a projective subspace in P N of codimension dim(X × k Y ) − 1. As (X × k Y ) P, z is an irreducible curve, at least for general z, we see that W is an irreducible subvariety in X × k Y of dimension p + 1 and c(W ) > c(α).
In particular, α is a divisor on W . Fix an irreducible ample divisor D on W . There is an integer N ≥ 1 such that N · D + α is very ample. By Théorème 6.3 4) of [Jou] , there is an irreducible divisor D ′ in the linear system |N · D + α|, so α is rationally equivalent to a linear combination of irreducible ample divisors on W .
To complete the induction step, it remains to show that pr X (W ) = pr X (D) and pr Y (W ) = pr Y (D) for any irreducible ample divisor D on W . As W is of positive relative dimension over pr X (W ), for any w ∈ pr X (W ) one has dim (W ({w} × pr Y (W ))) ≥ 1. As D is ample, it has a nonempty intersection with each subvariety of positive dimension on W , so W ({w} × pr Y (W )) D 1 since for any pair of smooth compactifications (X, X ′ ) of X there is their common refinement X
is not empty, which means that w ∈ pr X (D), and thus, pr X (W ) = pr X (D). Similarly, pr Y (W ) = pr Y (D).
Proposition 3.6. Let Y be a smooth irreducible proper variety over k and dim Y ≤ n. Let X be a smooth variety over k. For each q ≥ 0 there are canonical isomorphisms
For each pair of reduced irreducible group schemes A and B over k there is a natural bijection
Proof of the first part uses Corollary 3.5, Lemma 3.3 and elementary intersection theory as follows. For each G-module M and each embedding σ :
). 2 From this and the fact that the pairing
, which is surjective and canonical. On the other hand, it has the inverse given by ϕ
, the element ϕ(x) is fixed by any element τ fixing x, so any coordinate of ϕ(x) is a rational function over k in coordinates of x, and therefore, this gives rise to a rational k-map h : C − − → B. Consider the rational k-map C N − − → B given by (x 1 , . . . , x N ) −→ h(x 1 ) · · · h(x N ). On the set of F -points out of the union of "vertical" divisors, (i.e., on Max(k(C) ⊗ k · · · ⊗ k k(C) N copies ⊗ k F )) this map coincides with one given by (
As the multiplication map
Since ϕ is a homomorphism, h should also be a homomorphism, and in particular, regular.
Corollary 3.7. For any field L ′ finitely generated over k and with tr.deg(L ′ /k) = m ≤ n, any field L finitely generated over k and any integer q ≥ m there is a canonical isomorphism
where the both groups are zero if q > m.
Proof. Let Y be an irreducible smooth projective variety over k with the function field k
X is semi-simple and of finite length. Proof. By a standard argument, we may suppose that k is embedded into the field of complex numbers C, and thus, for any smooth
, since for its arbitrary element α and for any element
Now suppose that n = ∞. By the same result of Jannsen [Jan] , the category of motives modulo numerical equivalence is semi-simple. Let (X, ∆ X ) = (X, π j ) be a decomposition into a (finite) direct sum of irreducible submotives. Then B q 
Fix elements e 0 ∈ W 0 − 0 and e 1 ∈ W −W 0 . Then the common stabilizer of e 0 and e 1 is an open subgroup in G, so it contains a subgroup U L for a subfield L of F finitely generated over k. Let F ′ be an algebraically closed extension of L
By the irreducibility of (X, π j ) we have a division algebra on the left hand side, but the algebra on the right hand side has divisors of zero since the G F ′ /k -module π j B q (X F ′ ) is semi-simple, but not irreducible, giving contradiction.
Any cyclic semi-simple G-module, B dim X X in particular (Corollary 3.5), is of finite length. It follows from the Lefschetz theorems on (1, 1)-classes and on the hyperplane section that B 1 X is a subquotient of B 1 C for a curve C, so it is also of finite length. Corollary 3.9. One has Hom G (B q (L ′ ⊗ k F ), B p (L ⊗ k F )) = 0 for any pair of fields L, L ′ finitely generated over k with tr.deg(L/k) = p, tr.deg(L ′ /k) = q and p = q.
Proof. If p > n, or q > n, then at least one of B q (L ′ ⊗ k F ) and B p (L ⊗ k F ) is zero, so we may assume that max(p, q) ≤ n. By Proposition 3.8, the G-
, so we may assume that p > q. Then, by Corollary 3.7, one has Hom G (B q 
Corollary 3.10. Let X and Y be smooth irreducible proper varieties over k. Then the Q-vector
where U runs over the set of open compact subgroups in G, Y U is a smooth proper model of F U over k and the direct system is formed with respect to the pull-backs on the cycles.
). By the projection formula, it is well-defined.
The above examples of G-modules are obtained from some (pro-)varieties over k by extending the base field to F . More generally, one can construct a G-module starting from some birationally invariant functor F on a category of varieties over k, or on a category of field extensions of k (as in Corollary 3.10).
Another example of this type is given by the G-module Pic
where A runs over the isogeny classes of simple abelian varieties over k, and A ∨ := Pic • A is the dual abelian variety.
Proof. For any open compact subgroup U there is a canonical decomposition
for any a ∈ A(k) and any ϕ ∈ Hom(A, Pic • X U ) Q , where A runs over the isogeny classes of simples abelian varieties over k. (Clearly, the image of a ⊗ tϕ, i.e., tϕ(a) := ϕ(ta) coincides with the image of ta ⊗ ϕ for any t ∈ End(A), so the map is well-defined.) Passing to the direct limit with respect to U , we get Pic
For any q ≥ 0 and any adequate relation ∼ one has the short exact sequence
By Proposition 3.6, there is an embedding
This implies that for any q in the range of the statement, any
For each open compact subgroup U ⊂ G and a smooth irreducible variety
. By Proposition 3.1, it exists and it is unique.
Proof.
is surjective. Then, as its source is zero when
Proposition 3.14. Let X and Y be smooth irreducible varieties over k, and either q ∈ {0, 1, 2},
Proof. The existence of such submodule follows from the semi-simplicity of
for all divisors D on X and all divisors E on Y , this implies the uniqueness. 3.1. The projector ∆ k(X) . For any pair of varieties X, Y let t be the transposition of cycles,
Lemma 3.15. For any irreducible smooth proper k-variety X of dimension n the element ∆ k(X) is a central projector in the algebra B n (X × k X). The left (equivalently, right) 
where the projections are induced by the ring homomorphisms
for any irreducible smooth proper k-variety X and any field extension L of k.
Proof. Set d = dim X. Using homotopy invariance and the Galois descent property of B * , we may replace L by an algebraically closed extension F with tr.deg(F/k) = n ≥ d and then
By Proposition 3.6 and Corollary 3.7, the canonical maps
Proposition 3.17. (X, ∆ k(X) ) is the maximal primitive n-submotive in (X, ∆ X ) for any smooth irreducible projective n-dimensional k-variety X. (X, ∆ k(X) ) is a birational invariant of X.
Proof. To show that (X, ∆ k(X) ) is a primitive n-motive, we have to check that the Q-vector
In notations of Lemma 3.13 one has Hom B n (X× k X) (B n 
By the first case of Lemma 3.13, one has B n,n−1 X,X,Y = 0; by the second case of Lemma 3.13, one has B n,n X,X,Y = 0, so B n,n X,X,Y ×P 1 = 0. Then the semi-simplicity implies that Hom B n (X× k X) (B n (k(X) ⊗ k k(X)), B n (X × k Y × P 1 )) = 0. As W is a quotient of a direct sum of several copies of B n (k(X) ⊗ k k(X)), but there are no non-zero B n (X × k X)-module quotients of B n (k(X) ⊗ k k(X)) in B n (X × k Y × P 1 ), this means that W = 0.
For the maximality of (X, ∆ k(X) ) among primitive n-submotives of (X, ∆ X ), we have to show that Hom(M, X) = Hom(M, (X, ∆ k(X) )) for any primitive n-motive M = (Z, π). Hom(X, M ) = 14 πB n (Z × k X). For any divisor D on X one has πB n−1 (Z × k D) = 0, so from the exact sequence
we get πB n (Z× k X) = πB n (Z× k k(X)). By Proposition 3.6, B n (Z× k k(X)) = Hom G (B n (X F ), B n (Z F )), so Hom(X, M ) = πHom G (B n (X F ), B n (Z F )). By Proposition 3.6, for any divisor D on X one has
, we get that Hom(X, M ) is a quotient of πB n (Z × k X)∆ k(X) = Hom((X, ∆ k(X) ), M ). On the other hand Hom((X, ∆ k(X) ), M ) is a quotient of Hom(X, M ). As both spaces are finite-dimensional, Hom((X, ∆ k(X) ), M ) = Hom(X, M ).
The birational invariantness of (X, ∆ k(X) ) follows from the birational invariantness of Y prim for any smooth projective variety Y over k explained in the beginning of §3.2 below. 4 Corollary 3.18. Let X and Y be smooth irreducible proper varieties over k, and dim X = dim Y = n. Then the unique
Proof. By Proposition 3.17, (X, ∆ k(X) ) and (Y, ∆ k(Y ) ) are the maximal primitive n-submotives in
As in the proof of maximality of (X, ∆ k(X) ) in Proposition 3.17 we have ∆ k(X) · B n (X × k Y ) = ∆ k(X) · B n (X × k k(Y )). By Lemma 3.16 the latter coincides with B n (k(X) ⊗ k k(Y )). 
is a functor from the category of smooth projective varieties to the category of motives modulo numerical equivalence. Any birational map is a composition of blow-ups and blowdowns with smooth centers ( [AKMW] ). As a blow-up does not change Y prim (cf. [M] ), this implies that Y prim is an invariant of the function field k(Y ). According to Hironaka, for any subfield L of F finitely generated over k there exists a smooth projective variety Y [L] over k with the function field L, and therefore, one gets a canonical projective system of motives {Y prim [L] } L indexed by subfields L of F finitely generated over k.
We set
to the subcategory of the primitive q-motives. G acts on the projective system {Y prim
Remark. Any motive of Grothendieck modulo the numerical equivalence M = (X, π) is isomorphic to
One proves this by induction on dimension d of X as follows. Let M 0d = dim Y <d,ϕ∈Hom(M,(Y ×P 1 ,∆)) ker(ϕ). (By Proposition 3.17, M 0d = (X, π • ∆ k(X) ).) As the length of M is ≤ dim Q End(M ) < ∞, the motive M/M 0d can be embedded into a finite direct sum
Proof. First we wish to show that
We may assume that L ′′ is a Galois extension of a purely transcendental extension
On the other hand, by the projection formula, Hom Y prim
which means that α belongs to the image of Hom Y [L] , M , and thus,
) and πB q (X F ) U L = πB q (X L ), it suffices to show that πB q (X × k Y [L] ) = πB q (X L ) for π = ∆ k(X) and any sufficiently big (with dim Y [L] ≥ q) subfield L finitely generated over k. We may assume that F is algebraic over L, so n < ∞. Then, by Lemma 3.4, the natural map
is also surjective. This implies that there is an embedding
One has Hom
where Proposition 3.17 is used. By Corollary 3.18, the latter coincides with B q (k(X) ⊗ k k(X)) = End G (πB q (X F )).
By [Jan] and Lemma 3.2, the G-module
3.3. "Polarization" on B n (k(X) ⊗ k F ) and polarizable G-modules.
Proposition 3.21. For any irreducible k-variety X of dimension n there is a symmetric G-
, inducing non-degenerate pairings between the submodules W := πB n (k(X) ⊗ k F ) and t W := t πB n (k(X) ⊗ k F ) for all projectors π ∈ B n (k(X) ⊗ k k(X)).
If for (n − 1)-cycles on 2n-dimensional complex varieties the numerical equivalence coincides with the homological one, then , is (−1) n -definite. In particular, this holds for n ≤ 2.
Proof. We may suppose that X is a smooth projective variety over k. For a pair α, γ ∈
Here Y U is a smooth proper variety over k with the function field k(Y U ) identified with F U , and · is the intersection form on B n (X × k Y U ). By the projection formula, α, γ is independent of the choices.
For a triple of smooth proper varieties X 1 , X 2 , X 3 , a triple of integers a, b,
this shows that , induces a non-degenerate pairing between W and t W for an arbitrary projector π.
By Lemma 3.13, Hom H U (B n+1 (X × k Y U ), B n (k(X) ⊗ k k(Y U ))) = 0. By the semi-simplicity, this implies that the composition of the embedding of H
is zero for any L ∈ NS(X). Interchanging the roles of X and Y U , we see that the image of B n (k(X) ⊗ k k(Y U )) in B n (X × k Y U ) is annihilated by any L ∈ NS(X) NS(Y U ) ⊆ NS(X × k Y U ), i.e., it consists of primitive elements. Then, by the Hodge index theorem, if for (n − 1)-cycles on 2n-dimensional complex varieties the numerical equivalence coincides with the homological one, then the pairing Proof. Since a Q-multiple of σ p is orthogonal, σ p is diagonizable over Q for all p ∈ H. As the group H is abelian, there is a basis {e i } of V ⊗ Q and characters λ i : H −→ Q × such that σ r e i = λ i (r) · e i . Note, that the elements e i belong to V ⊗ K for a finite extension K of Q, so the characters factor as λ i : H −→ K × . For each embedding τ : K ֒→ C we define an hermitian form x, y τ := τ x, τ y , where , is the bilinear form on V ⊗ C induced by , and is the complex conjugation on V ⊗ C. One has 0 = σ p e i , σ p e i τ = τ (λ i (p))τ (λ i (p)) · e i , e i τ = p · e i , e i τ , so |τ (λ i (p))| = p 1/2 for any τ .
Let L be the subfield in the normalization of K over Q generated by all the conjugates over Q of the image of λ 1 , so L is a Galois extension of Q. For any embedding τ : K ֒→ C the image of L in C is invariant under the complex conjugation, since τ λ 1 (p) = p · (τ λ 1 (p)) −1 . As the latter does not depend on the embedding, the complex conjugation induces an element c in the center of Gal(L/Q). L cannot be totally real, since then it would contain elements p 1/2 for almost all prime p, and thus it would be of infinite degree. As the field of invariants R of c is totally real,
As the subgroup {1, c} is normal in Gal(L/Q), the field R is a Galois extension of Q. By the Chebotarëv density theorem, there are infinitely many rational primes p corresponding to the element (=the conjugacy class of) c. As restriction of c to R is trivial, such ideals (p) split completely in the extension R/Q, i.e., (p) = ℘ 1 · · · ℘ d . On the other hand the ideals ℘ 1 , . . . , ℘ d stay prime in the extension L/R (one of them should stay prime, since c is non-trivial, and the others lie in the Gal(L/Q)-orbit of such one). Now let integers x, y ∈ O R be such that x 2 + αy 2 ∈ (p) ⊆ ℘ j for any j.
thus, x, y ∈ ℘ j for p big enough with respect to α. So we get x, y ∈ ℘ 1 · · · ℘ d = (p). If there is an element in L with the modulus p 1/2 with respect to any complex embedding of L, then there are non-zero integers x, y, z ∈ O R of minimal possible norm of xyz such that x 2 + αy 2 = pz 2 . As this implies z 2 ∈ (p), one should also have z ∈ (p) if L is unramified over p, and therefore, the triple (x/p, y/p, z/p) also satisfies the above conditions and has a smaller "norm". This is contradiction.
We shall say that an admissible
Proof. Since W is smooth, there is a finitely generated extension L 1 of k such that the stabilizer of an element w ∈ W U L(x) contains the open subgroup U L 1 , U L(x) . By Lemma 2.1, the latter contains U L 2 (x)∩L 3 (x) = U L 4 (x) , where L 3 is generated over L by a transcendence basis of F over L(x), L 2 is generated over L 1 by a transcendence basis of L 3 over k, and L 4 := L 2 (x) L 3 is finitely generated over k. We replace L by L 4 , thus assuming, that L is finitely generated over k.
As U L(x) ⊂ U L(x p ) = σU L(x) σ −1 , where σx = x p and σ| L = id, the element σ induces an isomorphism W U L(x) ∼ −→ W U L(x p ) , and W U L(x p ) ⊆ W U L(x) , the dimension argument shows that σ induces an automorphism of W U L(x) . For any w ∈ W one has σw, σw = χ(σ) · w, w , so Proposition 3.22 says that W U L(x) = 0. Proof. Let A be the additive subgroup of F generated by the G • -orbit of some x ∈ F − k. For any y ∈ A − k one has 2 y 2 −1 = 1 y−1 − 1 y+1 . As 1 y−1 and 1 y+1 are in the G • -orbit of y, this implies that y 2 ∈ A. As for any y, z ∈ A one has yz = 1 4 ((y + z) 2 − (y − z) 2 ), the group A is a subring of F . Let M be the multiplicative subgroup of F × generated by the G • -orbit of some x ∈ F − k. Then for any y, z ∈ M one has y + z = z(y/z + 1), so if y/z ∈ k then y + z ∈ M , and thus, M {0} is a G • -invariant subring of F .
Since the G • -orbit of an element x ∈ F − k contains all elements of F − k(x), if n ≥ 2 then each element of F is the sum of a pair of elements in the orbit. Any G • -invariant subring in F is a k-subalgebra, so if n = 1 then Gal(F/Q(G • x)) ⊂ G • is a compact subgroup normalized by G • . Then by Theorem 2.9 we have Gal(F/Q(G • x)) = {1}. As any element of Q(G • x) is the fraction of a pair of elements in Z[G • x] and for any y ∈ F − k the element 1/y belongs to the G • -orbit of y, one has Z[G • x] = F .
Proposition 4.2. The annihilator of F/k in D k and the annihilator of
for an open subgroup U L , an integer N ≥ 1, some a j ∈ E and some pairwise distinct embeddings σ j : L ֒→ F . Here E is either k, or Q. Let τ ∈ G be such an element that the embeddings σ 1 , . . . , σ N , τ σ 1 , . . . , τ σ N are pairwise distinct.
Suppose α annihilates F/k. For any x ∈ L one has N j=1 a j · σ j x ∈ k, and thus, N j=1 a j · σ j x + N j=1 (−a j ) · τ σ j x = 0 for all x ∈ L. Then, by Artin's theorem on independence of characters, a 1 = · · · = a N = 0.
Similarly, suppose that α annihilates F × /k × . We may suppose that a j ∈ Z. For any x ∈ L × one has N j=1 (σ j x) a j ∈ k × , and thus, 2N j=1 (σ j x) a j = 1 for all x ∈ L × , where σ j = τ σ j−N and a j = −a j−N for N < j ≤ 2N .
Let τ 1 , . . . , τ M be a collection of pairwise distinct embeddings of L into F and b 1 , . . . , b M be such a collection of non-zero integers that M j=1 |b j | is minimal among those for which
We rewrite this as c 1 ,..., 
Then ϕ(x) is fixed by the stabilizer St x of x in G • . The group St x fits into an exact sequence
This implies that ϕ(σx) = λ · σx for all σ ∈ G • . As F/k is an irreducible G • -module, one has ϕy = λ · y for all y ∈ F/k. Then one can consider ϕ x as an element of End A , i.e., ϕ(x) = 1
Nx ϕ x (x). 6. For any pair of generic points x 1 , x 2 ∈ Z(F ) there are generic points t, y 1 , . . . , y M , z 1 , . . . , z M ′ of Z(F ) such that the elements x 1 , t, y 1 , . . . , y M and the elements x 2 , t, z 1 , . . . , z M ′ are linearly independent in W A over the algebra End A , and u := x 1 + t + j y j and v := x 2 + t + j z j are generic points of Z(F ). Then, by definition, ϕ(u) coincides with 1 Nu ϕ u (u) = 1 Nu ϕ u (x 1 ) + ϕ u (t) + j ϕ u (y j ) , and, as ϕ is a homomorphism, it coincides with 1
Similarly, one has ϕ v = ϕ x 2 = ϕ t , and therefore, the restriction of ϕ to the set of generic points of Z coincides with the restriction of ψ to the set of generic points of Z, for some ψ ∈ End A .
As generic points of Z generate A(F ) as an abstract group, this implies that ϕ = ψ, i.e., that ϕ ∈ End A . 7. There remain the cases where A is an abelian variety and B is either G a or G m . As 
for some pure 1-motives M 1 and M 2 and some characters ψ 1 = ψ 2 . By the fully faithfulness and the previous corollary,
so Hom(M 1 , M 2 ) = Hom G • (W (ψ 1 ), W (ψ 2 )), which non-zero, since the G • -modules W (ψ 1 ) and W (ψ 2 ) are isomorphic, and thus, M 1 and M 2 are isomorphic, which implies that W (ψ 1 ) ∼ = W (ψ 2 ) as G-modules. We may assume that ψ 2 = 1. Set ψ = ψ 1 = 1.
The G-module W (ψ) coincides with W as a vector space, but G acts by (σ, w) −→ ψ(σ) · σw.
Suppose that there is an isomorphism W −→ W (ψ), i.e., an automorphism W λ −→ W such that 20 λ(σw) = ψ(σ) · σλ(w). Then λ can be considered as an element of End ker ψ (W ). As ker ψ contains G • , the automorphism λ can also be considered as an element of End G • (W ). This implies that End G • (W ) = End G (W ), contradicting the previous corollary. If W is not irreducible, it should be semi-simple anyway, so its irreducible summands are motivic, implying the Corollary. 4.3. Non-compactness of supports of matrix coefficients. A matrix coefficient of a smooth representation W of a topological group is a function on the group of type σw, w for a vector w ∈ W and a vector w in the dual representation with open stabilizer.
Proposition 4.6. Suppose that n < ∞, a subgroup H of G contains G • and the supports of the matrix coefficients of a representation of H are compact. Then this representation is zero.
Proof. Let C be an algebraically closed extension of k of cardinality strictly greater than the cardinality of k. Let ω = 0 be an irreducible C-representation of H with compact supports of the matrix coefficients. We may replace H by G • , and replace ω by an irreducible subquotient of ω| G • . Let N be a compact open subgroup in G • such that ω(h N ) = 0.
Along the same lines as, e.g., in Claim 2.11 of [BZ] , one proves the Schur's lemma: the endomorphisms of a smooth irreducible C-representation of G • are scalar. This allows one to modify Theorem 2.42 a) of [BZ] 
as follows. For each open compact subgroup
On the other hand, the support of the matrix coefficient σx, w is not compact for any x ∈ F × /k × − {1} and any vector w = 0 in the representation dual to π, since the stabilizer of x is not compact. This implies that there is an element ε ∈ D C such that ω(ε) = ω(h N ) and π(ε) = 0, contradicting Proposition 4.2. 4.4. An example of Ext-calculation. Let Sm G be the category of smooth G-modules. It is a full abelian subcategory in the category of G-modules. −→ Q given by σ −→ a σ (x) is a homomorphism with closed kernel. As a(x) is continuous, the image of any compact subgroup of U k(x) is a compact subgroup in Q, i.e., 0. By Lemma 2.8, the subgroup generated by compact subgroups is dense in U k(x) , so U k(x) is in the kernel of a(x), and thus, a(x) factors through Stab x /U k(x) ⊆ A(k) tors . Since any homomorphism from any torsion group to Q is zero, we get a σ (x) = 0 for any σ ∈ Stab x , and therefore, Stab (b,y) = Stab y for any (b, y) ∈ E. This implies also that for any y ∈ A(F ) Q , any τ ∈ G and any σ ∈ Stab y one has a τ σ (y) = a τ (y). In particular, if x is a generic point of A and H = {τ ∈ G | τ x = µ · x for some µ ∈ Q × }, then a(x) : H −→ Q factors through Q × −→ Q and p·a τ (x)+a σ (x) = a τ σ (x) for any σ, τ ∈ G such that σx = p·x and τ x = q ·x for some p, q ∈ Q × . Then a σ (x) = (p − 1) · c(x) for some c(x) ∈ Q. Clearly, c(m · x) = m · c(x) for any m ∈ Q × . Note, that c( ) is linear on the set of generic points of A. Indeed, if x and y (considered as embeddings x, y : k(A) ֒→ F ) are algebraically independent over k (i.e., k(x, y) := x(k(A))y(k(A)) ⊂ F is of transcendence degree 2 dim A over k) then there is an element σ ∈ G such that σx = 2 · x and σy = 2 · y, so a σ (x) = c(x), a σ (y) = c(y), and a σ (x + y) = c(x + y), so, by additivity of a σ , one has c(x + y) = c(x) + c(y). In general, for any collection of generic points x 1 , . . . , x N there is some z ∈ A(F ) such that the subfield k(z, x 1 , . . . , x N ) of F is of transcendence degree dim A over k(x 1 , . . . , x N ). By induction on N , one has N j=1 m j · c(x j ) = c(z + N j=1 m j · x j ) − c(z). In particular, if N j=1 m j · x j = 0 this means that N j=1 m j · c(x j ) = 0. This implies that c( ) extends to a linear functional on A(F ) Q .
Subtracting the coboundary of c( ), we may assume that a σ (y) = 0 for any generic point y ∈ A(F ) and any σ ∈ G such that σy = µ · y for some µ ∈ Q × .
Fix a generic point y ∈ A(F ). Any G-equivariant section over the subset of generic points of A is of type σy
As G acts transitively on the set of generic points of A, and the stabilizers of vectors in E coincide with the stabilizers of their projections to A(F ) Q , this section is well-defined. For any µ ∈ Q × let τ µ ∈ G be such an element that τ µ y = µ · y. Then α y,b (µ · σy) = α y,b (στ µ y) = στ µ α y,b (y) = στ µ (b, y) = (b + a στµ (y), στ µ y) = (b + a σ (τ µ y), στ µ y) = µ · (b/µ + a σ (y), σy), since a τµ (y) = 0, so α y,b (µ · x) = µ · α y,b (x) for any generic point x ∈ A(F ) and any µ ∈ Q × if and only if b = 0, i.e., α y,0 is the unique G-equivariant homogeneous (but, a priori, non-linear) section over the subset of generic points of A. As α σy,0 is also a G-equivariant homogeneous section over the subset of generic points of A for arbitrary σ ∈ G, one has α y,0 (σy) = (a σ (y), σy) = α σy,0 (σy) = (0, σy), so a σ (y) = 0 for any σ ∈ G and any generic point y. Since any element of A(F ) Q is a sum of generic points of A, we get a σ (z) = 0 for any σ ∈ G and any z ∈ A(F ) Q . Proof. Let K be the function field of X, or of A. The embeddings σ : K ֒→ F over k, in general position with respect to L (i.e., with tr.deg(σ(K)L/L) = tr.deg(σ(K)/k)), form a single U L -orbit. By Corollary 3.5, for any generic point w : K ֒→ F in general position with respect to L the Q-space W is generated by τ w − w for all τ ∈ U L , so H 0 (U L , W ) = 0. Proof. For any w ∈ W U L there is an extension L 1 of k of finite type such that w ∈ W U L 1 , so w ∈ W H , where H = U L , U L 1 .
Consider first the case tr.deg(L/k) < ∞. Let L 2 be generated over L 1 by a transcendence basis of L over k. Then H ⊇ U L , U L 2 and L 2 L = L. One has the following evident inclusions U L ⊆ U L , U L 2 =: H ′ ⊆ U L 2 L . Consider the quotients H ′ /U L = Gal(L/L), U L 2 /U L 2 L and U L 2 L /U L = Gal(L/L 2 L). By the standard Galois theory (e.g., S.Lang, Algebra, Ch.VIII, §1, Thm.4), U L 2 /U L 2 L = Gal(L 2 L/L 2 ) ∼ = Gal(L/L 2 L).
According to Lemma 2.1, Gal(L/L 2 L), Gal(L/L) = Gal(L/L 2 L), so H ′ /U L = U L 2 L /U L , and therefore,
Now consider the case tr.deg(L/k) = ∞. The group H contains the subgroup U L , U L 1 , which coincides, by Proposition 2.14, with U L L 1 . Choose a transcendence basis {t 1 , . . . , t M } of L 1 L over k and set L 2 = L 1 (t 1 , . . . , t M ) (in particular, L 2 ⊂ L 1 ). Then one has embeddings L 1 ⊆ L 2 ⊆ L 1 , and therefore, L 1 = L 2 , and thus, L 1 L = L 2 L. Similarly, k(t 1 , . . . , t M ) ⊆ L 2 L L 1 ⊆ L L 1 , and therefore, L 2 (L L 1 ) = L L 1 = L 2 (L L 1 ). By Proposition 2.14, this implies that U L 2 , U L L 1 = U L 2 L L 1 , so H contains U L 3 , where L 3 = L 2 L. Let L 4 be the minimal Gal(L/L)-invariant extension of L 3 . As L 3 is a subfield of L finitely generated over k, L 4 is an extension of finite type of L 3 . Then L 4 L = L 4 = L 4 L, so by Proposition 2.14,
Finally, H ⊇ U L 0 , where L 0 is a subfield of L of finite type over k.
Corollary 5.2. Let W be a smooth G-module such that W U L 1 = W U L 1 (t) for any extension L 1 of k of finite type and any t ∈ F − L 1 . Then W U L = W U L ′ for any extension L of k and any purely transcendental extension L ′ of L.
Proof. By Lemma 5.1, W U L ′ = L 0 ⊆L ′ W U L 0 , where L 0 runs over extensions of k of finite type. Let L ′ = L(x 1 , x 2 , x 3 , . . . ) for some x 1 , x 2 , x 3 , . . . algebraically independent over L. Each L 0 of this type is a subfield in L 1 (x 1 , . . . , x N ) for some L 1 ⊆ L of finite type over k and some integer N ≥ 0.
Let I G be the full subcategory in Sm G consisting of those G-modules W for which W G F /L = W G F /L ′ for any extension L of k in F and any purely transcendental extension L ′ of L in F . For each integer q ≥ 0 let I q G be the full subcategory in I G consisting of those G-modules W for which W G F /F ′ = 0 for any algebraically closed F ′ with tr.deg(F ′ /k) = q − 1.
Proposition 5.3. Any admissible G-module is an object in I G if n = ∞.
Proof. Let W be an admissible G-module, L an extension of k in F of finite type and x, y ∈ F are algebraically independent over L. Then the finite-dimensional Q-space W U L is included into the finite-dimensional Q-spaces W U L(x) and W U L(y) ; and the latter ones are included into the finite-dimensional Q-space W U L(x,y) . The group GL 2 k acting by linear substitutions of (x, y) is a subgroup in G {F,L(x,y)}/L /U L(x,y) . As any element of GL 2 k is divisible, any homomorphism GL 2 k −→ GL(W U L(x,y) ) ∼ = GL N Q (for some integer N ≥ 1) sends any torsion element of GL 2 k to 1. This implies that the automorphism α ∈ GL 2 k such that αx = y and αy = x, and thus, permuting W U L(x) and W U L(y) , acts trivially, so W U L(x) = W U L(y) . By Proposition 2.14, the group generated by U L(x) and U L(y) is dense in U L , and therefore, W U L = W U L(x) .
Corollary 5.4. The category of admissible G-modules is abelian.
Proof. It suffices to check that for any short exact sequence of G-modules 0 −→ W 1 −→ W 2 −→ W 3 −→ 0 with admissible W 2 the G-modules W 1 and W 3 are also admissible. For any subextension L of finite type over k and a transcendence basis t 1 , t 2 , t 3 , . . . of F over L set L ′ = L(t 1 , t 2 , t 3 , . . . ). Then the sequence 0 −→ W
−→ 0 is exact. If n < ∞, we can assume that F = L. As W 2 ∈ I G in the case n = ∞, the middle term coincides with W U L 2 , which is a 23 finite-dimensional Q-space, and therefore, so are the terms W 
Then for any extension L of k in F and any purely transcendental extension L ′ of L in F one has W
By definition, the functors H 0 (G F/L , −) and
on Sm G is exact, and thus, its restriction to I G is also exact.
Proof. There exists a field isomorphism ϕ : F ∼ −→ F ′ identical on k. Then ϕ induces an isomorphism of topological groups G F ′ /k ∼ −→ G by τ −→ ϕ −1 τ ϕ and an equivalence of the categories of G-modules and G F ′ /k -modules by π −→ ϕ * π, where ϕ * π(τ ) = π(ϕ −1 τ ϕ).
For any subfield L ⊂ F finitely generated over k there exists an element σ ∈ G such that σ| L = ϕ| L . Let W be a smooth G-module. Then ϕ and σ induce the same isomorphism W U L ∼ −→ W U σ(L) = W U ϕ(L) . Passing to the direct limit with respect to L, we get an isomorphism W ∼ −→ W G F /F ′ . For any τ ∈ G F ′ /k and any w ∈ W one has ϕπ(ϕ −1 τ ϕ)w = τ ϕw (since ϕ is a limit of elements of G), i.e., ϕ * π ∼ = W G F /F ′ . 5.1. The functor I. For a G-module M define N j M as a subgroup generated by the invariants
Proposition 5.6. For any object W ∈ Sm G and any integer q ≥ 0 there is its quotient
, which is an object in I q G , so we may assume that α is surjective. Let L be an extension of k in F and L ′ a purely transcendental extension of L in F over which F is algebraic. As the functor H 0 (U L ′ , −) is exact on Sm G , the morphism α induces a surjection W U L ′ −→ (W ′ ) U L ′ . As (W ′ ) U L = (W ′ ) U L ′ , the subgroup U L acts trivially on (W ′ ) U L ′ , and therefore, the submodule W L = σw − w | σ ∈ U L , w ∈ W U L ′ G is in the kernel of α (it is independent of L ′ as all possible L ′ form a single U L -orbit and στ w − τ w = (στ )w − w − (τ w − w) for any τ ∈ U L and any w ∈ W U L ′ ; moreover, W L depends only on the isomorphism class of L). This implies that α factors through IW := W/ L W L .
The G-module IW is smooth, so the map W U L ′ −→ (IW ) U L ′ induced by the projection is surjective, and therefore, one can lift any element w ∈ (IW ) U L ′ to an element w ∈ W U L ′ . Then σw − w coincides with the projection of σw − w for any σ ∈ U L . Note, that σw − w ∈ W L , so its projection is zero, and therefore, σw = w for any σ ∈ U L . As (IW ) U L ⊆ (IW ) U L ′ , this means that (IW ) U L = (IW ) U L ′ , and thus, IW ∈ I G .
We may further suppose that W ∈ I G . As N q−1 W ′ = 0 and N q−1 is functorial,
it is right exact (cf., e.g., [GM] , Chapter II, §6.20).
For a G-module W and an integer q ≥ 0 denote by W (q) the sum of all submodules in W lying in I q G .
Lemma 5.7. The functor Sm G
Conjecture 5.8. If n = ∞ then for any q ≥ 0 the functor I q is exact on I G . This is clear (Lemma 5.5) when q = 0, 1, and deduced easily from Corollary 5.16 when q = 2.
Corollary 5.9. Let L be a finitely generated extension of k in F with tr.deg(L/k) = q and s ≥ 0. Then C s L := I s Q[G/U L ] is a projective object in I s G left orthogonal to I q+1 G . In particular, there are sufficiently many projective objects in I s G for any s ≥ 0.
] (see definition of I in the proof of Proposition 5.6), and thus, α factors through Q[G/U L 1 ], and therefore, through
One has L 1 ⊆ L 2 ⊆ L 1 (x 1 , . . . , x N ) for some x 1 , . . . , x N algebraically independent over L 1 . Then
where the composition is an isomorphism.
Lemma 5.11. Let k ⊆ L ⊂ F ′ be subfields in F . Then
Lemma 5.12. If L is a finitely generated extension of k and F ′ is an algebraically closed subfield in F with tr.
Proof. Let t 1 , . . . , t N be a transcendence basis of F ′ over F ′ L, and thus, a transcendence basis of F ′ L over L. Then the surjections Q
By Lemma 5.10, their composition is an isomorphism, so both arrows are isomorphisms.
Objects of
where F ′ is an algebraically closed extension of k in F with tr.deg(F ′ /k) = 1. This means that it suffices to treat the case W = e G , where Stab e ⊇ U L with L ∼ = k(X) for a smooth projective curve X over k of genus g ≥ 0. Then W is dominated by C L . Let J X be the Jacobian of X.
Proposition 5.13. If n = ∞ then C L = Pic(X F ) Q .
Proof. Let N ≥ g be an integer and σ 1 , . . . , σ N : L ֒→ F generic points of X in general position (i.e., the compositum of the fields σ j (L) in F is of transcendence degree N over k). Then for any e ′ ∈ C U L L and w := σ 1 e ′ +· · ·+σ N e ′ one has τ w = w for any τ fixing the subfield (σ 1 (L) · · · σ N (L)) S N , where an element ξ of the symmetric group S N acts on σ j (L) by σ ξ(j) σ −1 j for each 1 ≤ j ≤ N (so ξσ j e ′ = σ ξ(j) e ′ ). The subfield (σ 1 (L) · · · σ N (L)) S N is isomorphic to the function field of the N th symmetric power of X, so it is a purely transcendental extension of the subfield σ 0 (k(J X )) in F , where σ 0 is any embedding of the function field of J X into F corresponding to the class of N j=1 σ j in W J X . As C L ∈ I G , one has w ∈ C
Lemma 5.14. Let σ 1 , . . . , σ N and τ 1 , . . . , τ M be generic points of the smooth projective curve X over k as above in general position and the classes of N j=1 σ j and M j=1 τ j in W J X coincide with some S. Then for any e ∈ C U L L one has N j=1 σ j e − M j=1 τ j e ∈ C G L . Proof. We can add, if necessary, some generic points ξ 1 , . . . , ξ g to σ 1 , . . . , σ N and to τ 1 , . . . , τ M (in general position) in order to assume that N, M > g. For any generic point S ′ of (a component of) PicX F in general position with respect to S there exists a collection of generic points α 1 , . . . , α g ∈ X(F ) in general position with respect to σ 1 , . . . , σ N , τ 1 , . . . , τ M such that j α j + S = S ′ in W J X , and therefore, j α j e + N j=1 σ j e and j α j e + M j=1 τ j e are fixed by U L 0 , where L 0 is the field of definition of the point S ′ of PicX F . In particular, N j=1 σ j e − M j=1 τ j e is also fixed by U L 0 . We can vary L 0 ⊂ F in its class of isomorphism with the only restriction that it should be in general position with respect to the field of definition k(S) of the point S of PicX F . The closed subgroup H of G generated by such subgroups contains the subgroup of G generated by βU L 0 β −1 for all β ∈ G {F,k(S)}/k . Let L ′ be a maximal purely transcendental extension of k in L 0 . Then L ′ = β∈G {F,k(S),L ′ }/k β(L 0 ), so by Lemma 2.1, H contains U L ′ , and thus, N j=1 σ j e − M j=1 τ j e is fixed by G.
Corollary 5.15. Under above assumptions there is a surjection of G-modules W J X −→ C 1 L . Proof. Let e be a generator of C 1 L , For any σ 1 , . . . , σ M ∈ G and any n 1 , . . . , n M ∈ Z choose some τ 1 , . . . , τ g ∈ G in general position (also with respect to σ 1 , . . . , σ M ). By induction on M j=1 |n j | we show that M j=1 n j σ j e = g j=1 (τ ′ j e − τ ′′ j e), where τ ′ 1 , . . . , τ ′ g and τ ′′ 1 , . . . , τ ′′ g are in general position (also with respect to σ 1 , . . . , σ M ). For M = 0 this is clear, as one can take τ ′ j = τ ′′ j .
σ 0 e + M j=1 n j σ j e = σ 0 e + g j=1 (τ ′ j e − τ ′′ j e) = σ 0 e + g j=0 (τ ′ j e − τ ′′ j e), where τ ′ 0 = τ ′′ 0 in general position with respect to σ 0 , τ ′ 1 , τ ′′ 1 , . . . , τ ′ g , τ ′′ g . Then we get σ 0 e + M j=1 n j σ j e = (σ 0 e + g j=0 τ ′ j e) − g j=0 τ ′′ j e = g j=1 (ξ ′ j e − ξ ′′ j e). This completes the induction and implies, by Lemma 5.14, that the
To complete the proof of Proposition 5.13, note that the kernel of the morphism C L −→ Pic(X F ) Q is a trivial G-module, which is a direct summand by Proposition 4.7, so it is zero.
Corollary 5.16. Any object of I G of level 1 is a direct sum of a trivial module and a quotient of direct sum of modules A(F ) Q for some abelian varieties A over k by a trivial submodule.
Proof. By Proposition 5.13, any object W of I G of level 1 is a quotient of X∈I Q ⊕ Pic 0 (X F ) Q for a set I of smooth projective curves over k, so W is a quotient of W G ⊕ A∈J A(F ) Q for a set J of simple abelian varieties over k. In particular, W/W G is semi-simple, so there is a subset J ′ ⊆ J such that the projection
Corollary 5.17. A(F ) Q is a projective object of I G , W A is a projective object of I 1 G for any abelian variety A over k.
Proof. A(F ) Q (resp., W A ) is a direct summand of Pic(X F ) Q (resp., W J X ) for a smooth curve X on A, which is a projective object in I G (resp., in I 1 G ) by Proposition 5.13 and Corollary 5.9. 5.3. A tensor structure on I G . I G is not closed under tensor products in Sm G . For example, if E = {y 2 = x 3 + ax + b} is an elliptic curve over k with the standard choice of 0 then for any generic point σ :
This operation is not associative on Sm G as one can see from the following example. Let W j = Q[G/U j ] for some open subgroups U j = U L j in G, j = 1, 2. Then one has
On the other hand, by Noether normalization, (W 1 ⊗ I W 2 ) ⊗ I Q = I(W 1 ⊗ W 2 ) contains submodules isomorphic to C L for any field L finitely generated over k and with tr.deg(L/k) = 1.
This implies that for any pair of fields L, L ′ finitely generated over k there is a surjection of G-
where LL ′ is the fraction field of L ⊗ k L ′ and q = tr.deg(LL ′ /k). Conjecture 5.18. If n = ∞ then CH 0 (X F ) Q = C k(X) for any smooth irreducible proper variety X over k.
The following Corollary suggests that the category I G should be related to the category of effective homological motives. (In the rest of this section we assume n = ∞.)
Corollary 5.19. If Conjecture 5.18 is true then the contragredient of any G-module in I G is trivial.
Proof. For any W ∈ I G there is a surjection X∈I C k(X) −→ W for a set I of smooth projective varieties over k. Assuming Conjecture 5.18, there is a surjection W 0 ⊕ X∈I CH 0 (X F ) 0 β −→ W for a trivial G-module W 0 . We may suppose that β injects W 0 into W . Then, by Lemma 4.9, H 0 (U L , W ) = W 0 for any open subgroup U L in G. The contragredient of W is the union of Hom U L (W, Q) = Hom(H 0 (U L , W ), Q) over all open subgroups U L in G, but they all coincide with Hom G (W, Q) , which is a trivial G-module.
Corollary 5.20. If Conjecture 5.18 is true then for any finite collection of smooth irreducible projective varieties X 1 , . . . , X N over k one has I C k(X 1 ) ⊗ · · · ⊗ C k(X N ) = C k(X 1 × k ···× k X N ) .
Proof. There is a surjection Q[{k(X 1 ) ⊗ k · · · ⊗ k k(X N ) ֒→ F }] −→ CH 0 ((X 1 ) F ) ⊗ · · · ⊗ CH 0 ((X N ) F ) Q (since for any collection of elements σ j ∈ C k(X j ) , j ≥ 2, any element σ 1 ∈ CH 0 ((X 1 ) F ) is a linear combination of points k(X 1 ) ֒→ F in general position with respect to σ 2 , . . . , σ N .) Besides,
Corollary 5.21. If Corollary 5.20 is true then ⊗ I is associative, and
Proof. Any object W j ∈ I G has a projective resolution P • j , where all terms are direct sums of G-modules of type C L . As the functor W ⊗ I is right exact on Sm G , for any W ∈ Sm G , any projective object of I G is flat (cf., e.g., [GM] , Ch.III, §6.12). This implies that P
6. The centers of the Hecke algebras Lemma 6.1. Let K be a compact open subgroup in G. Let ν ∈ H K be an element which is not a Q-multiple of h K . Then there exist elements x 1 , . . . , x n ∈ F K algebraically independent over k such that νh U ∈ Q · h U , where U = U k(x 1 ,...,xn) ⊇ K.
Proof. Let ν = a j σ j h K , where the classes of σ j in G/K are pairwise distinct. After subtracting a multiple of h K , if necessary, we may suppose that σ j ∈ K for any j. Then the sets {x ∈ F K | σ i x = σ j x} for i = j and {x ∈ F K | σ j x = x} for any j are proper k-subspaces in F K , and therefore, there exist elements x 1 , . . . , x n ∈ F K algebraically independent over k outside their union. If F U is algebraic over k(x 1 , . . . , x n ) these conditions on x 1 , . . . , x n imply that σ i | k(x 1 ,...,xn) = σ j | k(x 1 ,...,xn) and σ j | k(x 1 ,...,xn) = id for any i = j.
Set U = U k(x 1 ,...,xn) . Then the support of the element ν * h U coincides with j σ j U , which is not a subset in U , so ν * h U is not a multiple of h U . Lemma 6.2. Let U = U k(x 1 ,...,xn) for some x 1 , . . . , x n algebraically independent over k, and let ν be a central element either in the Hecke algebra H U , or in the Hecke algebra H • U . Then ν ∈ Q · h U . Proof. For any τ in the normalizer of U one has ν(h U τ h U ) = νh U τ = ντ = 0 if ν = 0, and (h U τ h U )ν = τ h U ν = τ ν. We may suppose that the support of ν does not contain 1, i.e., Supp(ν) = σ∈S U σU for a finite subset S in G − U .
Let H = {τ ∈ G | τ | k(x j ) ∈ Aut(k(x j )/k) for all 1 ≤ j ≤ n} and L j = k(x 1 , . . . , x j , . . . , x n ) for all 1 ≤ j ≤ n. As ν is a central element in H U , one has τ ντ −1 = ν for all τ ∈ H. In particular, Supp(τ ντ −1 ) = Supp(ν), so each τ ∈ H induces a permutation of the set S of double U -classes. The subgroup U ⊂ H acts trivially on S, so the action of H on S factors through the quotient H/U ∼ = (PGL 2 k) n . Any homomorphism from (PGL 2 k) n to the permutation group of the set S, is trivial, since any element of PGL 2 k is (#S)!-th power of another element of PGL 2 k, and therefore, U τ στ −1 U = U σU for any σ ∈ S. In particular, τ στ −1 x j is in the finite set U σx j for all τ ∈ H; or, even more particularly, the set of fields k(τ σx j ) for all τ ∈ H is finite.
Fix some j. Suppose that σx j ∈ k(x j ) (this implies that n > 1). Then there is 1 ≤ s ≤ n different from j such that F is algebraic over L s (σx j ). Set H j = {τ ∈ U Ls | τ | k(xs) ∈ Aut(k(x s )/k)}. Then for any τ ∈ H j one has τ στ −1 x j = τ σx j , so the H j -orbit of σx j should be finite, and thus, a subgroup of finite index in H j should be compact, so the group H j should be compact itself, which is false.
As U τ στ −1 U = U σU is equivalent to U τ σ −1 τ −1 U = U σ −1 U , we get σ ±1 x j ∈ k(x j ). If σ ±1 x j ∈ k(x j ) then k(σ ±1 x j , x j )/k(x j ) has a non-empty branch locus. The PGL 2 k-orbit of any point on P 1 k is infinite, so the PGL 2 k-orbit of the branch locus is also infinite, which means that the set of fields k(τ σ ±1 x j ) is infinite, unless k(σ ±1 x j ) is a subfield in k(x j ). Then k(x j ) = σk(σ −1 x j ) ⊆ σk(x j ) = k(σx j ) ⊆ k(x j ). As the center of PGL 2 k is trivial, this shows that σ| k(x j ) = id. When varying j, we get σ ∈ U , contradicting our assumptions. Lemma 6.3. Let K be a compact subgroup in G. If n < ∞ and ν ∈ H K − Q · h K then there exists a compact open subgroup U containing K such that ν * h U ∈ Q · h U .
Proof. There is some σ in the support of ν outside of K, i.e., if U ′ is an open compact subgroup in G not containing σ then there is an open subgroup U ⊆ U ′ such that ν(σU ) = 0, and therefore, the support of νh U contains σ, so it is non-empty and it does not coincide with U .
As a corollary of these statements we get Theorem 6.4. Let K be a compact subgroup in G. Then the centers of the Hecke algebras H K and H • K coincide with Q · h K if n < ∞. Proof. Clearly, for any pair of compact subgroups K ⊆ U the multiplication by h U : ν −→ νh U gives homomorphisms of the centers Z(H K )
. Then by Lemma 6.3, we may suppose that K is open. By Lemma 6.1, we may suppose that K = U k(x 1 ,...,xn) . Then, by Lemma 6.2, the centers of H K and H • K coincide with Q · h K .
Representations induced from the compact open subgroups
In this section we give an example ( Proof. Equivalence. If U is the only right U -coset in U U ′ and σ 1 U U ′ = σ 2 U U ′ then σ −1 2 σ 1 U ⊆ U U ′ , so σ −1 2 σ 1 U = U , i.e., σ −1 2 σ 1 ∈ U . Conversely, suppose that σ 1 U U ′ = σ 2 U U ′ implies σ 1 U = σ 2 U . Then if σ 1 U ⊆ U U ′ one also has σ 1 U U ′ ⊆ U U ′ and, by the measure argument, σ 1 U U ′ = U U ′ , and thus, σ 1 U = U . Now suppose that σ 1 U U ′ = σ 2 U U ′ . As U U ′ = U ′ σU ′ , one has either σ 1 U ′ = σ 2 U ′ and σ 1 σU ′ = σ 2 σU ′ , or σ 1 U ′ = σ 2 σU ′ and σ 1 σU ′ = σ 2 U ′ . The second case can be reduced to the first 29 one by replacing σ 2 with σ 2 σ (as this does not change σ 2 U ). Now one has σ −1 1 σ 2 ∈ U ′ σU ′ σ ⊆ U , and thus, σ 1 U = σ 2 U .
Remark. One obviously has U U ′ = σ(U U ′ )σ ⊆ U ′ (σU ′ σ). Under assumptions of Lemma 7.1, this means U ′ (σU ′ σ) = U U ′ .
Lemma 7.2. Let U and U ′ be some open compact subgroups in G such that U U ′ is of index 2 in U : U = (U U ′ ) σ(U U ′ ). Suppose that for any integer N ≥ 1 and any collection τ 1 , . . . , τ N ∈ U ′ σ − U one has τ 1 · · · τ N = 1. Then the homomorphism of G-modules Q[G/U ]
, which contradicts our assumption when N = 2. This implies, by Lemma 7.1, that σ i U U ′ = σ j U U ′ for i = j.
Suppose that N j=1 b j [σ j ] is in the kernel, b j = 0, σ j are pairwise distinct as elements of G/U and N ≥ 2. Then N j=1 b j ([σ j ] + [σ j σ]) = 0. One considers the graph whose vertices are the right U ′ -cosets in the union N j=1 σ j U U ′ , and whose edges are the sets σ j U U ′ for all 1 ≤ j ≤ N which join the vertices σ j U ′ and σ j σU ′ . There are at least 2 edges entering to a given vertex, since otherwise this "vertex" is contained in the support of N j=1 b j ([σ j ] + [σ j σ]), so there exists a simple cycle in the graph, say, formed by edges σ 1 U U ′ , . . . , σ s U U ′ for some s ≥ 3, i.e., the intersection of the subsets σ i U U ′ and σ j U U ′ in G is non-empty if and only if |i − j| ∈ {0, 1, s − 1}.
We may suppose that for any 1 ≤ j < s one has σ j U U ′ σ j+1 U U ′ = σ j U ′ , and σ 1 U U ′ σ s U U ′ = σ s U ′ , and therefore, σ j U ′ = σ j+1 σU ′ for any 1 ≤ j < s, and σ s U ′ = σ 1 σU ′ .
Then σ −1 j σ j+1 ∈ U ′ σ − U for any 1 ≤ j < s, and σ −1 s σ 1 ∈ U ′ σ − U . As (σ −1 1 σ 2 ) · · · (σ −1 j σ j+1 ) · · · (σ −1 s−1 σ s )(σ −1 s σ 1 ) = 1, we get contradiction. Proof. One has U U ′ = U L ′′ (t,u) , U = (U U ′ ) (U U ′ )σ, where σt = u − t and σ| L ′′ (u) = id, and U ′ = (U U ′ ) (U U ′ )τ , where τ u = −u and τ | L ′′ (t) = id. This implies that U ′ σ − U = (U U ′ )τ σ and (τ σ) 2 u = u, (τ σ) 2 t = t + 2u, so for any N ≥ 1 and any τ 1 , . . . , τ N ∈ U ′ σ − U one has τ 1 · · · τ N = 1. Similarly, U τ − U ′ = (U U ′ )στ = (U ′ σ − U ) −1 , so for any N ≥ 1 and any τ 1 , . . . , τ N ∈ U τ − U ′ one has τ 1 · · · τ N = 1. It follows from Lemma 7.2 that there exist embeddings
